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Abstract. We use a construction which we call generalized cylinders to give a new proof 
of the fundamental theorem of hypersurface theory. It has the advantage of being very 
simple and the result directly extends to semi-Riemannian manifolds and to embeddings 
into spaces of constant curvature. We also give a new way to identify spinors for different 
metrics and to derive the variation formula for the Dirac operator Moreover, we show that 
generalized Killing spinors for Codazzi tensors are restrictions of parallel spinors. Finally, 
we study the space of Lorentzian metrics and give a criterion when two Lorentzian metrics 
on a manifold can be joined in a natural manner by a 1-parameter family of such inetrics. 



1. Introduction 

n this paper we give various applications of a construction which we call gener- 
alized cylinders. Let M be a manifold and let gt be a smooth 1-parameter family 
i of semi-Riemannian metrics on M, i S / C M. Then we call the manifold 
Z = I X M with the metric dt^ + gt ^ generalized cylinder over M. On the 
one hand, this ansatz is very flexible. Locally, near a semi-Riemannian hypersurface with 
spacelike normal bundle every semi-Riemannian manifold is of this form. The restriction to 
spacelike normal bundle, i. e. to the positive sign in front of dt^ in the metric of Z is made 
for convenience only. Changing the signs of the metrics on M as well as on Z reduces the 
case of a timelike normal bundle to that of a spacelike normal bundle. On the other hand, 
this ansatz still allows to closely relate the geometries of M and Z. 

In Section |2] we collect basic material on spinors and the Dirac operator on semi- 
Riemannian manifolds. We do this to fix notation and for the convenience of the reader. 
Some of the material, such as the spin geometry of submanifolds, is not so easily found in 
the literature unless one restricts oneself to the Riemannian situation. 

In Section |3] we study spinors on a manifold foliated by semi-Riemannian hypersurface s. 
In particular, we derive a formula for the commutator of the leafwise Dirac operator and 
the normal derivative. This formula will be important later. 

In Sectionl^we collect formulas relating the curvature of a generalized cylinder to geomet- 
ric data on M. 

After these preliminaries we give a first application in Section |5] One technical difficulty 
when dealing with spinors comes from the fact that the definition of spinors depends on the 
metric on the manifold. This problem does not arise when one works with tensors. Thus 
if one wants to compare the Dirac operators for two different metrics, then one first has 
to identify the spinor bundles in a natural manner This identification problem can be split 
into two steps. First, construct an identification for 1-parameter families of metrics and, 
secondly, given two metrics construct a natural 1-parameter family joining them. 
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The second step is trivial for Riemannian metrics; just use linear interpolation. For in- 
definite semi-Riemannian metrics the situation is much more complicated. In fact, two 
semi-Riemannian metrics on a manifold cannot always be joined by a continuous path of 
metrics even if they have the same signature. In Section|9]we study this problem in detail 
for Lorentzian metrics and we give a criterion when two Lorentzian metrics can be joined 
in a natural manner. 

The first step, identifying spinors for 1 -parameter families of semi-Riemannian metrics, is 
carried out in Section|5] The idea is very simple. Given a 1 -parameter family of metrics take 
the corresponding generalized cylinder and use parallel transport on this cylinder. It turns 
out that this identification is the same as the one constructed differently by Bourguignon and 
the second author in for Riemannian metrics. The commutator formula from Section|3] 
directly translates to the variation formula for Dirac operators. 

This variation formula is what one needs to compute the energy-momentum tensor for 
spinors. To make this precise we briefly summarize Lagrangian field theory in Section|6land 
we give a general definition of energy-momentum tensors. Then we compute the example 
of the Lagrangian for spinors given by the Dirac operator. 

In Section we give a new and simple proof of the fundamental theorem of hypersurface 
theory. A hypersurface of M"+^ inherits a Riemannian metric and its Weingarten map must 
satify the Gauss and Codazzi-Mainardi equations. The fundamental theorem says that, con- 
versely, any Riemannian manifold M with a symmetric endomorphism field of TM sat- 
isfying the Gauss and Codazzi-Mainardi equations can, at least locally, be embedded iso- 
metrically into R"+^ with Weingarten map given by this endomorphism field. Our proof 
goes like this: We write down an explicit metric on the cylinder Z = I x M and we then 
check that this metric is flat. Since every flat Riemannian manifold is locally isometric to 
Euclidean space the theorem follows. This approach directly extends to semi-Riemannian 
manifolds and to embeddings into spaces of constant sectional curvature not necessarily 
zero. This kind of approach to the fundamental theorem for hypersurfaces was suggested, 
but not carried out, by Petersen in ||9| p. 95]. 

In Section|8lwe study generalized Killing spinors. They are characterized by the overdeter- 
mined equation V^*^ V = |^(^) ' where A is a given symmetric endomorphism field. 
We show that if A is a Codazzi tensor, then the manifold can be embedded as a hypersur- 
face into a Ricci flat manifold equipped with a parallel spinor which restricts to ifj. This 
generalizes the case of Killing spinors, A — Xid. The classification of manifolds admitting 
Killing spinors in 1 1 1 was based on the observation that the cone over such a manifold pos- 
sesses a parallel spinor. This also generaUzes the case that A is parallel which was studied 
inlTj. 
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2. The Dirac operator on semi-Riemannian manifolds 




n this section we collect the basic facts and conventions concerning spinors and 
Dirac operators on semi-Riemannian manifolds. For a detailed introduction the 
reader may consult the book |2 1. We start with some algebraic preliminaries. Let 
r + s = n and consider the nondegenerate symmetric bilinear form of signature 
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(r,s) 

r n 
i—l i— r+1 

on R". Define the corresponding orthogonal group by 

0(r, s) := {A e GL{n, M) | {Av, Aw) = {v, w) for all w, w e M"} 

and the special orthogonal group by 

SO(r, s) {A e 0(r, s) | det(A) = 1}. 

If r = or s = 0, then SO(r, s) is connected, otherwise it has two connected components. 

Now let Clr,s be the Clifford algebra corresponding to the symmetric bilinear form (•, •). 
This is the unital algebra generated by M" subject to the relations 

(1) V ■ w + w ■ V + 2 {v,w) ■ 1 = 

for all u, w e M". There is a decomposition into even and odd elements 

such that M injects naturally into Cl^ ^ and M" into CI;'; ^. The spin group is defined by 

Spin(r, s) := {vi • • • Ufc G Cl° ^ | G K" such that {vj,Vj) = ±1 and k is even} 

with multiplication inherited from Clr,s- Given v E M" such that {v, v) ^ and arbitrary 
w € M" we see directly from relation ([Q that v^^ — ~ and 

Ad.u(i(;) := v^^ ■ w ■ v — ~w + 2^ — ^w. 

{v,v} 

Hence — Adi, is the reflection across the hyperplane and, in particular, leaves M" C 
Clr,s invariant. Thus conjugation gives an action of Spin(r, s) on R" by an even number 
of reflections across hyperplanes. This yields the exact sequence 

1 — > Z/2Z = {1, -1} — > Spin(r, s) ^ SO(r, s) — > 1. 

If n = r + s is even the Clifford algebra possesses an irreducible complex module S],..s of 
complex dimension dimension 2"/^, the complex spinor module. When restricted to Cl° ^ 
the spinor module decomposes into 

the submodules of spinors of positive resp. negative chirality. In particular, the spin group 
Spin(r, s) C Cl° ^ acts on and on E^s- This action 

p = p+ © : Spin(r, s) -> Aut(S+J x Aut(S];:J C Aut(I]r,s) 

is called the spinor representation of Spin(r, s). Given an orientation on R" the Cl°^- 
submodules and E^T., can be characterized by the action of the volume element vol :— 
ei • • • e„ e Cl° ^ which acts on as +i^'+»("+i)/2id and on E", as -i«+"(«+i)/2id 
where ei, . . . , e„ is a positively oriented orthonormal basis of R". 

If n is odd, then Clr,s has two inequivalent irreducible modules E°^ and T,^ both of 
complex dimension 2^""^)/^. These two modules are again distinguished by the action 
of the volume element vol = ei • • • e„ G CI;'; j,, namely vol acts as on 
E^^ and as — on T,}. When restricted to Cl^^ the two modules become 
equivalent and we simply write E^.s := E° This time the spinor representation 

p : Spin(7-, s) Aut(Er.s) 

is irreducible. All spinor modules carry nondegenerate symmetric sesquilinear forms (•, •) 
(in general not definite) which are invariant under the action of Spin(r, s). The action of a 
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vector V e R" C Cl^^s on ,j is skewsymmetric with respect to (•, •), i. e. {v ■ CTi, (T2) = 

- {ai,V ■ fT2)- 

To prepare for the study of submanifolds later on we now look at an embedding of R" into 
R"+^ such that (R")-'- is spacelike. Let (R")-'- be spanned by a spacelike unit vector cq. 
The map R" Clr+i,s, v ^ ■ v, induces an algebra isomorphism Clr,s ^^r+i s 
under which the volume element of Cl^.s is mapped to the volume element of Clr+i.s in 
case n is odd. 

If n is even, then S^+i.s pulls back to S^.s under this algebra isomorphism. In other words, 
we can regard Sr+i,s as the spinor representation of Clr,s provided we define the action of 
Clr,s on by 

V ® a ^ Cq • V ■ a 
where v G R" and • denotes the action of Clr+i,s. 

Similarly, if n is odd, then the action of the volume forms shows that ^ pulls back to 
1]°^ while ^r+i s pulls back to S^^. 

Now we turn to geometry. Let X denote an oriented n-dimensional differentiable manifold. 
The bundle Pgl+ (^) of positively oriented tangent frames forms a GL^(n, R)-principal 
bundle over X. Here and henceforth GL~''(n, R) denotes the group of real n x n-matrices 

with positive determinante and A : GL (n, R) GL"*" (n, R) its connected twofold cover- 
ing group. A spin structure of X is a GL (n, R)-principal bundle (X) over X together 
with a twofold covering map & : Pqj^+ (X) Pgl+ {^) such that the following diagram 
commutes 

(2) P~ + (X) X GL^(n, R) ^ 




Pgl+(X) X GL+(n,R) ^PglAX) 

where the horizontal arrows denote the group actions on the principal bundles. This def- 
inition of a spin structure has the advantage of being independent of the choice of any 
semi-Riemannian metric on X. An oriented manifold together with a spin structure will be 
called a spin manifold. 

Let X now in addition carry a semi-Riemannian metric of signature (r, s), r + s = n. 
The bundle Pso {^) C Pgl+ (^) of positively oriented orthonormal tangent frames forms 
an SO(r, s)-principal bundle over X. Restricting A : GL (n,R) GL+(n,R) to the 
preimage of SO(r, s) C GL^(n, R) we recover Ad : Spin(r, s) SO(r, s). Putting 
Pspin(-^) := 0^^(^so(-^)) we get a Spin(r, s)-principal bundle and and the maps in 
diagram (|3 restrict to the following commutative diagram 



PsvUX) X Spin(r,s) ^ Pspi„(^) 




Pso(^) X SO(r, s) Pso(^) 
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Very often in the literature Pspinl-'^) is called a spin structure of X and we will call X 
together with Pspinl-'^) a semi-Riemannian spin manifold. 

On a semi-Riemannian spin manifold we define the spinor bundle of X as the complex 
vector bundle associated to the spinor representation, i. e. 

In other words, for p ^ X the fiber of YjpX of HX over p consists of equivalence classes 
of pairs [6, a] where h G Pspin{X)p and a G Sr,s subject to the relation 

[b,a] = [5g"\.gcr] 

for all g £ Spin(r, s). Unfortunately, the spinor bundle cannot be defined independently 
of the metric using Pq^+ {X) instead of Pspin(-'S^) because the spinor representation p of 

Spin(r, s) on S^^s does not extend to a representation of GL (n, R) on S^^s. We will come 
back to this problem in Section|5l 

Note that the tangent bundle can also be written in a similar manner, TX — Pso{X) x^. R" 
where r is the standard representation of SO(r, s) on R". One defines Clifford multiplica- 
tion TpX (g) Y^pX -> EpX by 

[e{b),v]-[b,a] [b,va] 

where b E ^'spin(^)p, v E R", and a S Sr,s- For g e Spin(r, s) we see from 

[e{bg),v] ■ [bg, a] = mb)Adg,v] ■ [6.9, a] = [6(5), Adgv] ■ [6, ga] 

= [b,gvg''^ga] = [b,gv(j] = [bg,va] 

that this is well-defined. It is this point that goes wrong when one tries to work with nonori- 
ented manifolds and pin structures. Had we defined E.^ ^ — Y.^. ^ instead of I]r,s — 
odd dimensions, then we would have obtained the Clifford multiplication with the opposite 
sign. 

Clifford multiplication inherits the relations of the Clifford algebra, i. e. for X,Y E TpX 

and If E YpX we have 

X -Y -ifi + Y -X ■ip + 2(X,Y)ip = 0. 

In even dimensions the spinor bundle splits into the positive and the negative half-spinor 
bundles, 

(3) Yx = i:+x ®i:-x 

where Yj^X ~ Pspin {X)y. p± . Clifford multiplication by a tangent vector interchanges 
Y+X and E^X. 

The Spin(r, s)-invariant nondegenerate symmetric sesquilinear forms on Y^.s and Y^^ in- 
duce (in general indefinite) inner products on YX and Y^X which we again denote by 
(•,•>■ 

The connection 1 -form uj-^ on P^o{X) for the Levi-Civita connection V"^ can be lifted via 
O to Pspin(^), i- C- w^"^ '■— Kd^^ oQ* [uj-^). Composing with Ad^^ is necessary because 
the connection 1-form on Pspin {X) must take values in the Lie algebra of Spin(r, s) rather 
than in that of SO(r, s). Now oS^-^ induces a covariant derivative V^"^ on YX. 

An equivalent, but less invariant, way of describing V^"^ is as follows: If & is a local 
section in Pspin(Ar), then 6(6) = (ei, . . . , e„) is a local oriented orthonormal tangent 
frame, (e^, Cj) = £i5ij where = ±1. The Christoffel symbols of with respect to this 
frame are given by 

n 

fe=i 
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Now the covariant derivative of a locally defined spinor field ip — [6, cr], cr a function with 
values in S.^ is given by 



(4) V|^^ = 



2 



One checks that V^^ is a metric connection and that it leaves the splitting (|3ji in even 
dimensions invariant. Moreover, it satisfies the following Leibniz rule: 

vF(y-^)-(vfr).^ + r.vp^ 

for all vector fields Z and Y and all spinor fields (p. 

The curvature tensor of V^^ can be computed in terms of the curvature tensor 
of the Levi-Civita connection, 

Z)^ - i ^ e,ej (i?^(F, Z)e„ Cj) e, ■ e, ■ ^. 

i<j 

Using the first Bianchi identity one easily computes 

" 1 
(5) ^e,e,-i?^^(e„r)^=-Ric^(r)-^. 

i=l 

Here Ric'^ denotes the Ricci curvature considered as an endomorphism field on TM. The 
Ricci curvature considered as a symmetric bilinear form will be written ric'^(y, Z) = 

(Ric^(y),z). 

The Dirac operator maps spinor fields to spinor fields and is defined by 

11 

i=l 

Given two spinor fields pi and one can define a vector field Y by the requirement {Y^Z) = 
{Z ■ ip, ip) for all vector fields Z and one easily computes 

diY{Y) = {D''p,ij)~{p,D''ib). 

Hence the Dirac operator is formally selfadjoint, i. e. if the intersection of the supports of 
p and 4' is compact, then 

where {p, V) = Jm i"^^ V') dV. 

3. The Dirac operator on manifolds foliated by hypersurfaces 



et Z be an oriented (n + 1) -dimensional semi-Riemannian spin manifold. Let 
6 : -Pspin(-2) — > Pso{Z) be a spin structure on Z. Let M C Z be a semi- 
Riemannian hypersurface with trivial spacelike normal bundle. This means there 
is a vector field i' on Z along M satisfying {i^, v) — +1 and {v, TM) = 0. If 
the signature of M is (r, s), then the signature of Z is (r + 1, s). 

In this situation M inherits a spin structure as follows: The bundle of oriented orthonormal 
frames of M, Psq{M), can be embedded into the bundle of oriented orthonormal frames 
of Z restricted to M, Pso{Z)\m, by the map l : (ei, . . . , e„) i— > (t/, ei, . . . , e„). Then 
Pspin{M) := (d~^ {l{Pso{M))) defines a spin structure on M. We will always implicitly 
assume that this spin structure be taken on M. The same discussion is possible on the level 

of GL^(n,M)-bundles. 
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The algebraic remarks in the previous section show that if n is even, then 

where the Clifford multiplication with respect to M is given hy X ® Lp ^ v ■ X ■ ip and "•" 
always denotes the Clifford multiplication with respect to Z. If n is odd, then 

and again Clifford multiplication with respect to M is given hyX^ipt-^v-X-ip while 



-ly ■ X ■ ip. The minus 
E" . while Ei , leads 



with Clifford multiplication with respect to A/ given hy X ip i 
sign comes from the fact that in odd dimensions we defined S^^i — s s 
to the opposite sign for the Clifford multiplication. The identifications preserve the natural 
inner products (•, •). 

Let W denote the Weingarten map with respect to v, i. e. 

(6) V^Y ^V'iY +{W{X),Y)y 

for all vector fields X and Y on M. The Weingarten map is symmetric with respect to 
the semi-Riemannian metric, {W{X),Y) — {X,W{Y)) and is also given by W{X) = 
—V^v. If we denote the Christoffel symbols of M with respect to a local orthogonal 
tangent frame (ei, . . . ,e„) by T'lj'^ and the Christoffel symbols of Z with respect to 

(eo,ei, 



&n), Co — V, by Vf-'^, then (|6j implies for 1 < i, j, fc < 



r 



Z,k 
ij 

Z,0 
ij 

Z.k 

iO 



= r 



M,k 



(7) 

(8) r^^- — \Y, y^i,,^ji 

(9) rf/- = _eo£ferf/ = -efc(M/(e,),efe). 
Plugging this into (|4ji we get for a section = [6, cr] of SZ|m and 1 < i < n 



fc=l 



l<j<fe<n 



E 

l<j<fe<n 



1 ,„ e,eo • e, • eg • efe 



1 



Hence for each X € TAf and each section </? of SZ|m we have 

1 

— i 
2 

Now let (yj be a section of SZ defined in a neighborhood of M. On the one hand. 



(10) 



V|^(^ = - 7:v ■ W{X) ■ ip. 



i=i 

On the other hand by (fTol i. 

n n 1 ^ 

i— 1 i—1 i—1 

= -v■'Ye^v■e,■ V^/'V + 2 E ^ ■ ■ 

1=1 

1 



1=1 
A/ 



■ti{W)iy ■ If 
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where D^^ = D^'^ if n is even and _D*^ — \ „ „» , I if ri is odd. Thus the Dirac 



operators on M and on Z are related by 



-D 



(11) • ^ i?*^ + - Vp 

where H — ^ tr(VF) denotes the mean curvature. 

Next we consider the situation that Z carries a semi-Riemannian foliation by hypersurfaces. 
The commutator of the leafwise Dirac operator and the normal derivative will be of central 
importance later 

Proposition 3.1. Let Z be an [n + 1)- dimensional semi-Riemannian spin manifold. Let Z 
carry a semi-Riemannian foliation by hypersurfaces with trivial spacelike normal bundle, 
i. e. the leaves M are semi-Riemannian hypersurfaces and there exists a vector field v 
on Z perpendicular to the leaves such that {VtV) — 1 and V^^ = 0. Let W denote 
the Weingarten map of the leaves with respect to v and let H = ^ tr(W^) be the mean 
curvature. 

Then the commutator of the leafwise Dirac operator and the normal derivative is given by 
[Vr,D^'] ^ = D^^ - ^ ^ . grad*^(i7) • ^ + ^ • div*^(M^) • ^. 



Here grad*^ denotes the leafwise gradient, div*^(VF) — i^e^^)i^i) denotes the 



leafwise divergence of the endomorphism field W, 1)^(p = X]r=i ^i'^ ' ' ^wfe)'^' '^^^ 



■ " denotes Clifford multiplication on Z. 



Proof. We choose a local oriented orthonormal tangent frame (ei, . . . , e„) for the leaves 
and we may assume for simplicity that V^e^ = 0. We compute 

n 



i=l 



i=l 



n ^ 

1=1 

1 " 1 

--ly ■ Ric^(z.) ■ip + Y,e^ly■e,■ (v^.^^) + -i^ ■ (Vf P^)(e,)) 

1^ ■ Ric^(i^) • if 

n ^ ^ 



1 " 

(12) +-Y,e,e,-[-W\ei) + {WfW){e,))ip. 

i=l 
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The Riccati equation for the Weingarten map {'V^W){X) ^ R^{X, v)v + W'^{X) yields 

1 1 " 

i=l 

1 " 

(13) = D'^(p - -^etnc^{iy,ei)iy ■ a ■ (p. 

i=l 

The Codazzi-Mainardi equation (Sl p. 1 15] gives for X,Y,V e TpM 

{R^{X, Y)V, v) = ((Vf - {{W^'W){X),V) . 

Thus 

n 

ric^(i.,X) = ^£,(i?^(X,e,)e„i^) 

n 

= tr(Vf W^) - <Jdiv*^(W^), . 
Plugging this into jl3> we get 

[Vr,D'']^ = S'^^-i^e. (tr(V,^/M^)-(div*^(W^),e.)) ..e..^ 

1=1 

1 " 1 

1=1 

= S^y) - • grad*^(ff) + div*^(l¥) • <p. 

□ 

4. The generalized cylinder 

et M be an n-dimensional differentiable manifold, let gt be a smooth 1- 
parameter family of semi-Riemannian metrics on M, t £ I where / C M is 
an interval. We define the generalized cylinder by 

Z -.= 1 X M 

with semi-Riemannian metric 

gz ■■= dt^ +gt. 

The generalized cylinder is an {n + l)-dimensional semi-Riemannian manifold (with 
boundary if / has boundary) of signature [r + l,s) if the signature of gt is (r, s). The 
vector field v :— ^ is spacelike of unit length and orthogonal to the hypersurfaces 
Mt := {t} X M. Let W denote the Weingarten map of Mf with respect to v and let 
H be the mean curvature. 

If X is a local coordinate field on M, then {X, i^) — Q and [X, v\ ~ 0. Thus 

= d,{X,v) = {ylX,v)^{X,\llv) = {\l\v,v) + {X,^lv) 
= -{W{X),v)^{X,\]ly) = {X,\llv) 
and differentiating {v, v) — \ yields (y, i^) = 0. Hence 
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i. e. for p e M the curves t i— > {t,p) are geodesies parametrized by arclength. So the 
assumptions of Proposition B . 1 l are satisfied for the foUation {Mt)t£i. 

Now fix p G M and X,Y E TpM. We define the first and second derivative of gt by 

9t{X,Y) ±{g,{X,Y)), 
9tiX,Y) ^{g,(X,Y)). 

Then gt and gt are smooth 1 -parameter families of symmetric (2, 0)-tensors on M. 

Proposition 4.1. On a generalized cylinder Z ~ I x M with semi-Riemannian metric 
g'^ — (•, •) = dt^ + gt the following formulas hold: 

(14) ^y^{x),Y) = -hitix.Y), 

(15) (i?^(C/,y)X,r) = {R^^^*{V,V)X,Y) 

+ i (.g,(C/, X)gt{V. Y) - gt{U, Y)gt{V, X)) , 



(16) 



{R^{X,Y)U,,.) = ^((W^'^gt){X,U)-{W'J^gt){Y,U)), 



(17) {R^{X, Y) = -ligt{X,Y)+gt{W{X),Y))., 



(18) ric^(z/,i.) = tiiW^)~ltrgM), 



2 

2 



(19) ric^(X,i/) = dxtr{W) - (^div^\W),x'^ , 

(20) ric^(X,y) = ric^'^ {X,Y) + 2 {W{X),W{Y)) 

-tr{W) {W{X),Y)-^gt{X,Y), 

(21) Scal^ = Scal'^''' +3tr{W'^) ^tT{W)^ -tTg^igt), 
where X, Y,U,V e TpM, p e M. 

Proof. To show ( I14t we extend X and y to local coordinate fields on M so that all Lie 
brackets vanish. Then the Koszul formula L8, p. 61] for the Levi-Civita connection of Z 
yields 

{WiX),Y) - -{V^i,,Y)^-^idx{iy,Y)+d,(Y,X)-dY{X,iy)) 
= -id, {Y,X) = = -^gt{X,Y). 

Equation il5i follows directly from J14> and the Gauss equation 1 8 p. 100] 

{B.^(U,V)X,Y) = {r'''^'{U,V)X,Y) + {W{U),X) {W{V),Y) 
~{WiU),Y) {WiV),X). 

Equation il6\ follows directly from ( I14> and the Codazzi-Mainardi equation fS' p. 1 15] 

{R^{X,Y)U,u) = ((wfW){Y),u)-((W^'^W){X),u). 



The Riccati equation for W 

{WfW){X) = R^{X,v)v + W^{X) 



gives 
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{R^iX,i.),.,Y) = {{VfW)iX),Y)-{W\X),Y) 

= - {W{X), Y) - {W{V^X), Y) - {W{X),V^Y) 

+\gt{W{X),Y) 
= -\^tat{X,Y) ~ {W{Vj,v),Y) - (iy(X),V?i.) 

+ \gtiW{X),Y) 
= -^gtiX, Y) + {W{W{X)), Y) + {W{X),W{Y)) 

+ ]^g,{W{X),Y) 

= -hg,{X,Y)~hj,{W{X\Y) 



which is ( fTTt . The Ricci curvature is now easily computed. 



Y\c^ (y^ v) 



1 



m 1 



tr,,(50 + tr(M^2) 



which is (I18> . Moreover, 



Tic^{X,v) = ^£,(i?2(X,e.)e„i/) 



i=l 



M 1 



^E^^ («'5t)(^,e.) - (V^'<?t)(e.,e,) 

n 

J2e, (((V*fW)(X),e,) - {{WfW){e,),e 



dW^^\Xj+tr{^fW) 
div'^''\ x) + dx tr(VF) 
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thus showing ( I19> . Furthermore, 

n 

t\c^{X,Y) = ^£,(i?^(e„X)y,e,) + (i?^(i.,X)r,i.) 

1=1 

i=l 

-\gM, e,)gt{X, Y)) - 1 {gAX, Y) + F)) 

n 

ric^-^'(X,y) +^e,((W^(e,),r) (W^(X),e,) 

2 = 1 

- {W{e,),e,) {W{X), Y)) - Y) + (Ty2(^)^ 

ric*^' (X, y) + 2 (T^(X), V7(r)) - tr(VK) (VK(X), F) 

shows (I20> . Formula M\\ for the scalar curvature follows from (I18> and (I20> . □ 

Example 4.2. A simple special case of a generalized cylinder is that of a warped product, 
i. e. gt = f{t)'^g where / : / ^ K is a smooth positive function. Then gt = 2ffg=y-gt 
and ijt — 2(/^ + ff)g ~ 2 ^ 9^ ^^'^ formulas in ProDOsition l4. ll reduce to 

W = -^id, 

R^{X,Y)U = R^'''{X,Y)U + ^i{X,U)Y - (Y,U) X), 



ric^(X,y) - ric^-^^ (X, Y) - ~ ^^l' + (X, Y) 



Tic^{X,iy) = 

"'7 



Seal- = Scal--.i!i^ll$±^, 
compare (8] Ch. 7]. 

5. Identifying spinors and the variation formula for the Dirac operator 

t is an annoying problem that the definition of spinors, in contrast to that of 
differential forms and tensors, depends on the semi-Riemannian metric of the 
manifold. Hence if one wants to compare the Dirac operators for two different 
metrics one first has to identify the underlying spinor bundles. 

The problem of constructing such identifications can be split into two steps: First construct 
identifications for any two metrics in a 1 -parameter family of metrics. The identification of 
spinors for two metrics will in general depend on the 1 -parameter family of metrics joining 
them. Secondly, given two metrics construct a natural curve of metrics joining them. 

Both steps have been carried out very satisfactorily for the case of Riemannian metrics in 
Is). In the present section we will deal only with the first step. The second step cannot 
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always be carried out. In Section |9] we will discuss this problem for the case of Lorentz 
metrics in great detail. 

Now let gt, t £ I, he a smooth 1 -parameter family of semi-Riemannian metrics of signature 
(r, s) on a manifold M. We form the generalized cylinder Z := I x M with metric g ~ 
dt^ + gt - For t G I "we abbreviate the semi-Riemannian manifold (M, gt) by Mf . 

Spin structures on M and on Z are in l-l-correspondence. As explained in Section|3]spin 
structures on Z can be restricted to spin structures on Mt ~ M. Conversely, given a spin 

structure on M it can be pulled back to / x M yielding a GL (n, M)-principal bundle 

on Z. Enlarging the structure group via the embedding GL (n,R) ^ GL (n + 1,K) 

covering the standard embedding GL^(n,R) ^ GL^(n + 1,M), a i-^ [ ^ ^ ), yields 



the spin structure on Z which restricts to the given spin structure on AI. 



Let us write "•" for the Clifford multiplication on Z and "•(" for the Clifford multiplication 
on Mt. Recall from Section|3]that SZ|a/j = SMt as Hermitian vector bundles if ri = r + s 
is even and E+Z|7\/j ~ YjMt if n is odd. In both cases the Clifford multiplications are 
related by X ^t f — v ■ X ■ Lp. For given x E M and to,ti e / parallel translation on Z 
along the curve 1 1-^ {t, x) is a linear isometry rf^ : 'ExMtg E^jAftj. Since "•" and ly are 
parallel along the curve 1 1-^ {t, x) so is the family of Clifford multiplications "•(" and r^J 
preserves Clifford multiplication in the following sense: 

Tl^{X.t„ ^)^{Tl^X).t, 

In general, the covariant derivative and hence parallel transport depends on the semi- 
Riemannian metric and its first derivatives. We note here that for fixed x G M the parallel 
transport T*J : T^Mtf, T^Mt^ or rf^ : T^^Mtg ^xMt^ is determined by (x) and 
gt{x), no x-derivatives of gt enter Namely, if a;^, . . . , are local coordinates on M and 
X{t, x) = X^j'^i C"* (3^1 1) gfr is a parallel vector field along t i-^ {t, x), then this means by 
(H and (US 

= 




Thus : TxMtg TxMt^ is given by solving the system of ordinary differential equa- 
tions 

n 

i^{t,x) = -- ^ gf{x)gtM{^)e{t,x). 

For spinors the situation is similar By 1 3 , Prop. 2] this shows that our identification r*^J of 
spinors for different metrics coincides with the one in |3|. 



Now we rewrite the commutator formula of Proposition 13. II For a section ip of EZ (or 
E+Z if n is odd) we have 

(22) [V^^,D''^] ip = D^V - ^ grad^"' (Ht) 't^ + l div*'^' (Wt) if 

where D^^* is the Dirac operator of Alt, grad^^* is the gradient and div*^' the divergence 
(of endomorphisms) on Alt, Wt is the Weingarten map of Alt in 2 and Ht — ti'(Wt) 
the mean curvature and finally — J2^=i^i^i 't '^'wf(e )V' for ^^y orthonormal 

basis ei, . . . , e„. From d we have div*''(m) = -i div*'*(5t), Ht = trg,(<7t) 
and S^' = -i®^' where = Yl")=i e,ejgt{e„ej)e, V^^'ip. Thus O can be 



14 



CHRISTIAN BAR, PAUL GAUDUCHON, AND ANDREI MOROIANU 



rewritten as 



Now if if is parallel along the curves 1 1— > (t, x), i. e. it is of the form Lp{t, x) = tI^%Ij{x) for 
some spinor field -if) on Mt^ , then the left hand side of ( I23> is at < = to 



d 

di 



dt 



Mt 



We have shown the variation formula for the Dirac operator: 

Theorem 5.1. Let gt be a smooth 1 -parameter family of semi-Riemannian metrics on a 
spin manifold M. We write briefly Alt for the semi-Riemannian spin manifold {M, gt). Let 
be the identification of spinor spaces for Mt^ and Mt-^ constructed above, let D*^' 
be the Dirac operator of Mt, let "•t" be Clifford multiplication on Mt and let 2)^'(y9 = 
E"i=i £i£39t{et, e.j)ei -t 

Then for any smooth spinor field ip on Mtg we have 



d 
'dt 



to 



D^'^rlj = -^D^'o ^ + i grad*^*o (tr^,^ {gt,)) V - ^ div*'^'o (ff^J V- 



This is exactly the formula given in [3 Thm. 21] for Riemannian manifolds. 




6. Energy-momentum tensors 

: heorem lS.ll can be used to compute the energy-momentum tensor for spinors. 
' In order to explain what this means we briefly sketch Lagrangian field theory, 
see |4 p. 153 ff] for a more detailed introduction. Let M denote a differentiable 
; manifold and let be a set of (smooth) semi-Riemannian metrics on M, open 
in the C°° -topology. Let tt : E ^ Q x A/ be a fiber bundle with finite dimensional fibers. 
For example, if M carries a spin structure the fiber over {g,x) S G x M could be the 
spinor space at x with respect to the metric g, Ei^g ;^) = SgM. For each fixed g ^ G the 
restriction TT^^{{g} x M) M is a fiber bundle over M and we can form the space of 
smooth sections Sg of this bundle. These Frechet manifolds Sg give rise to a Frechet fiber 
bundle S :~ Ugee ~^ Let T C S he a Frechet submanifold such that the restriction 
TT : T ^ G i& again a Frechet fiber bundle. 

Now let L : ^ il'"! (A/) be a smooth map where fi'"! (M) denotes the space of smooth 
densities on M, i. e. smooth sections of A"T*Af (g) Om where Om is the orientation line 
bundle. We assume that L is local in the sense that for ip G T the density L{(p) evaluated at 
X G M depends only on (p{x) and the M-derivatives of ip at x. In other words, L{ip){x) is a 
function of the jet j^(p(x). We call L the Lagrangian density. In physics it is customary to 
integrate over M and call L{(p) the Lagrangian or the action. We avoid this integration 
since in general the integral J^^ L{(p) need not exist. 

We call a smooth 1 -parameter family (ft E Tg with ~ ip compactly supported if it is 
constant outside a compact subset K C M, i. e. ipt{x) = ipix) for all x G M\K and all t. 
Since L is local L{pt) is constant outside K as well so that Jj^j{L{(pt) — L{ip)) exists and 



d_ 
dt 



{L{^t) - L{p)) 

t=oJM JM 



L{p>t) 
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The section e JFg is called critical for L if for each compactly supported deformation ipt 



M 



dt 



To explain the concept of energy-momentum tensors we need one more piece of struc- 
ture. Let H C TT be a connection. This means that for any e we have T^pJ- = 
T^{^w{<p)) ffi Hip and the restriction dnln^ '■ T^{ip)G is an isomorphism. For fixed 

If £ J- and g :— Tr{(p) we have the linear map dL o (dTrj^f : TgQ f2l"l(Af). Recall 
that TgQ is nothing but the space of smooth (2, 0) -tensors. A smooth symmetric (2, 0)- 
tensor wiU be called the energy-momentum tensor for tp with respect to the Lagrangian 
Lif 

dLo{dT:\HX\k) = {Qp,k)^dVg 

for all k G TgQ. Here (•, ■)g denotes the (pointwise) metric on symmetric (2, 0)-tensors 
induced by g and dVg is the Riemannian volume measure for g. If it exists Q^p is obvi- 
ously unique. By its definition the energy-momentum tensor describes the behavior of the 
Lagrangian under variations of the metric. 

Example 6.1. Let M carry a spin structure, let Q be the set of all semi-Riemannian metrics 
on M and let E be the universal spinor bundle, = S|A/. Then S is the universal 

bundle of spinor fields and we put T := S. We fix A £ R and we define the Lagrangian L 
by 

L(^) :=Re(^,(Z?»-A)^)<, dVg 
where is the Dirac operator with respect to the metric g = 7r(iy9). If 1^94 is a compactly 
supported deformation of if we write ^\t=Q^t — V and we compute 

Hvt) = [ Rei{if,iDa^\)^)^ + {^,iD3-\)^)^)dVg 



I - 



t=o 



M 



2 Re 



{^,{Da^X)^)dVg. 



M 



Thus is critical if and only if [D^ — = 0, i. e. if (ys is a Dirac-eigenspinor for the 
eigenvalue A. 

The connection H is determined by the parallel translation rf^ used in the previous section 
to identify spinors for different metrics. More precisely, is the set of all ^ | j_q TqP for 

go- We compute 



all smooth curves gt of metrics with go = 7r(</?). 

Now let gt be such a 1 -parameter family of metrics and write k 

dLo{d^\HX\k) 
d 



dt 
d 
dt 
d 
dt 



L{tIp) 



t=o 



Re(r*<^,(i^f'-A)(r*^))^^ dVg, 



t=o 



Re((p, (r07^5'T*-A)^) 



t=o 



dVg, 

3« dVa. 



dVa. 



= Re 



ishes. Thus Theorem IS . 1 1 vields 

d 
lit 



+ (^,(Z?^o-AM^„- 



dV, 



gt_ 



dV, 



go- 



The first term is given by the variation formula for the Dirac operator. Since Clifford mul- 
tiplication with tangent vectors is skewadjoint all terms of the form Re {ip, X Ugg p) van- 



Re ( (yS 



So 



--Re((p,DV),„ 
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For the second term we use 
Thus 

dLo{dn\Hj-\k) = 



d_ 
It 



t=0 



i Re (- {v, S) + (1)'^° - A)^),„ tT,,{k)) dVg, 



= {Qv,k)g^dVg^ 
for the symmetric (2, 0)-tensor 

+^Re{^,{D^° -X)^) go{X,Y). 
If (fi is critical, i. e. if (p = Xip, then the energy-momentum tensor simphfies to 
(24) Q^iX, Y) = ~Re X V^^^) + (v, F V|^^)) . 

Example 6.2. Again, let M carry a spin structure, let G be the set of all semi-Riemannian 

metrics on M and let E be the universal spinor bundle, E^g .^-^ = S^M. Then again 
S is the universal bundle of spinor fields and we this time we put J^g := {ip £ 
Sg I {(f, ip) g dVg = ±1}. We define the Lagrangian L by 

L{p) ■.= Re{ip,D3p)g dVg. 

Now (fi is critical if and only if 

/ 4 L(^t) = 2Re/ {^,D^^)gdVg = 

for all if perpendicular to ^, i. e. if and only if is a multiple of (p. This way we obtain 
all normull eigenspinors for all eigenvalues simultaneously as critical tp's. 

This time the connection has to be chosen differently because is a pointwise isometry 

but the volume element dVg also depends on the semi-Riemannian metric. Therefore r'^J 
does not give an isometry for the -product used to define T. This can be corrected by 

defining the connection H as the set of all \J ^^'^oV' for smooth curves gt of 

metrics with 50 = 7r(i^). 

Then we have for such a 1 -parameter family of metrics gt with k := go 



dL o {dTrlfj^ ) 1 (/c) = Re ( tp, — 



{T^D^W^y,)) dV, 



t=0 



'go 



go 



and therefore 



Q^{X, Y) = --Re ((^, X .g, V^^<^) + (p, Y V^^^)) 



for all (f, critical or not. 



These two examples show that for noncritical (p the energy-momentum tensor also depends 
on the choice of connection H. In contrast, for critical (p the differential dL descends to a 
map dL : T^J^ /T^{J^^i^^)) fil"l(M). Thus the map dL o dn-'^ : T^t^^^G 17l"l(M) 
is well defined without any reference to H. 
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7. Embeddings of HYPERSURFACES 

e will now apply the cylinder construction described in Sectionl^to study the 
question whether a given manifold can be isometrically immersed as a hyper- 
surface into a manifold of constant curvature. The classical example for such 
a result is the fundamental theorem for hypersurfaces which can be stated as 

Theorem 7.1. Let (M", g) be a Riemannian manifold and let A be a field of symmetric 
endomorphisms ofTM satisfying the equations of Gauss and Codazzi-Mainardi: 

(25) (v^^)r = (V^^A)X, 

(26) R^{X,Y)Z = {A{Y),Z)A{X)-{A{X),Z)A{Y) 
for all X,Y,Z e TpM, p E M. 

Then every point of M has a neighborhood which can be isometrically embedded into 
Euclidean {n + l)-space K"'^^, with Weingarten map A. If M is simply connected, then 
there exists a global isometric immersion of M into R"+^ with the above property. 

A proof can be found in Ch. VII. 7], but here we will give a more geometrical argument 
based on the cylinder construction. This will allow us to extend the result without effort 
to the semi-Riemannian case and to embeddings into model spaces of constant sectional 
curvature not necessarily zero. We will construct an explicit metric of constant curvature 
on the cylinder / x M, whose restriction to the leaf {0} x M is g. 

For a constant k G R define the generalized sine and cosine functions 

\ 7^sin(0^-t) ,K>0 f cos(V^-t) , «>0 

5^(t):=l t ,«=0 and c^{t) := \ 1 ,k=0 

1^ -^sinh(v/R-i), K<0 [ cosh(VM-t), K<0 

One easily checks 5„(0) — 0, Ck(0) = 1, nsf. + = 1, s'^ = c^, and = — ks„. 

Theorem 7.2. Let (M" , g) be a semi-Riemannian manifold and let k e M. Let A be afield 
of symmetric endomorphisms ofTM satisfying 

(27) (vfA)r = (VfA)X, 

R^\XX)Z = {A{Y),Z) A{X)- {A{X),Z) A{Y) 

(28) +k{{Y,Z)X-{X,Z)Y) 

for all X,Y, Z £ TpM, p G M. Define a family of metrics on M by 
gt{X, Y) := .g((c„(i) id - s^it)AfX, Y). 

Then the metric dt^ + gt on Z — I x M has constant sectional curvature k on its domain 
of definition (i. e.for \t\ sufficiently small). 

Proof Put R^{X,Y)Z := R^{X,Y)Z - k{{Y, Z) X - {X,Z)Y). Having constant 
sectional curvature k is equivalent to = 0. The proof is based on the following lemma: 

Lemma 7.3. Let Z = I x M be a generalized cylinder and let k G M. Assume that 
g{R^ {X, v)v, Y) = 0/or all vector fields X and Y on Z, where v denotes the vector 

(i) If the Weingarten map A of the hypersurface {0} x M of Z satisfies \27\ . then 
g{R^ (X, Y)Z, I') — Ofor all vector fields X, Y and Z on Z. 

(ii) If, moreover, A also satisfies i28\l . then R^ = 0, /. e. Z has constant sectional curvature 

K. 




follows: 
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Assume this lemma for a moment. We will check that the metric dt^ + gt satisfies the 
hypothesis of the lemma for gt{X, Y) = g{{cK{t) id - 5K{t)A)'^X, Y). Let Wt denote the 
Weingarten tensor of the hypersurface {t} x M of Z. This gives rise to a tensor field W on 
Z, vanishing in the direction of u. From the definition of gt we compute 

gtiX.Y) = -2g{{c,,it)id-s^{t)A)){nB^{t)id + c^{t)A)X,Y) 

= -25t((c„(t) id - s^{t)A))-\KB^{t) id + c^{t}A)X, Y) 

hence by il4\ 

W = (c«(t) id - 5^{t)A))-\K5^{t) id + c«(t)A). 

Moreover, 

gtiX,Y) = -2g {[Kic^it) id - s^{t) Af ~iKS^it)id + c^it)Af]X,Y). 
Equation ( I17> yields 

gt{R^{X,,.y,Y) = -^g^{X,Y)-^gt{W{X),Y) 
= g{K{c,{t) id ~s^{t)AfX,Y) 
= ^9tiX,Y), 

thus R^{X,v)v = kX and hence R^{X,v)v = 0. All conditions of the lemma are 
satisfied and the theorem follows. □ 

Proof of the lemma. The modified curvature tensor i?f has all the symmetries of a curvature 
tensor including the Bianchi identities. 

Consider the family of tensors on A/ defined by if t(X, F, Z)^; := {Ri^{X,Y)Z,u) . 
Using the second Bianchi identity on Z, together with the fact that v commutes with vectors 
on M and the formula W{X) = -Vf = -Vf X + [u, X] = -V^X we see 

kt{X,Y,Z) = fl{R^{X,Y)Z,iy) 

= ((Vfi?f)(X,y)Z,;.) 

- {R^iW{X),Y)Z + i?f (X, WiY))Z + R^{X, Y)W{Z), v) 
= ((Vf i?f )(/., Y)Z, y) + ((Vf i?f v)Z, v) 
(29) +{W*Kt){X,Y,Z) 

where W* denotes the induced action of Vt^ as a derivation on tensors. From the assumption 
in the lemma we conclude 

= dx{Rl(v.Y)Z,v) 

= ((Vf i?f )(^, Y)Z, y) + (Vf i., y)Z, y) + (i., vf v) 

+ {Rl{v, Y)Vj,Z, y) + {R^{y, Y)Z, Vj,y) 
= ((Vf i?f )(^, Y)Z, y) - {R^{W{X),Y)Z, y) + 

+ Q-{R^{y,Y)Z.W{X)) 

thus 

((Vf i?f Y)Z, y) = {R^AW{X),Y)Z, y) + {R.^{y, Y)Z, W{X)) 
and similarly 

((V^i?f y)Z, y) = (X, W{Y))Z, y) + (X, y)Z, W{Y)) . 
Plugging this into ( I29l l yields 

Kt{X,Y,Z) = (R^,{W[X),Y)Z,y) + (R^,{v,Y)Z,W[X)) 
+ (RliX, W{Y))Z, y) + (X, y)Z, W{Y)) 
■^{W*Kt){X,Y,Z). 
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Hence Kt = F{t){Kt) for some linear endomorphism F of the space of 3-tensors. This is 
a linear first order ODE for Kt- The initial condition Kq = follows from ( I16t because 
Wq = j4 is a Codazzi tensor. This shows that Kt = 0. 

//) Similarly, using the identity (i?^ (X, Y)Z, j/) = that we just obtained, we see that the 
family of tensors on M defined by Rt{X, Y, Z, V)^ (R^{X, Y)Z, V).. satisfies a 
linear ODE. Moreover, (I15t implies i?o = because Wq = ^ satisfies the Gauss equation. 
Thus Rt = for all t. This proves the lemma. □ 



Now recall that any semi-Riemannian manifold of constant sectional curvature k is lo- 
cally isometric to M^''*. Here MJl'* is the model space of constant sectional curvature k 
and signature (r, s). If k = 0, then Mq * is semi-Euclidean space R" with the metric 
gr,s = (da;i)2 + -- • + (da;'')2 - (da;''+i)2 {dx^f.lfK > 0, thenM;;-'* is a pseudo- 
sphere, more precisely, it is the semi-Riemannian hypersurface of (R"+^, 51^+1, s) defined 
by {x, a;),.^]^ ^ = 1/k and > if r = 0. If k < 0, then M^'* is a pseudohyperbolic 
space, more precisely, it is the semi-Riemannian hypersurface of (R"+^, g^.s+i) defined 
by (a;, a;),. — 1/k and 2::"+^ > if r = 0. In all cases M^^^ is connected and homo- 
geneous. Moreover, MJl'* is simpy connected except for M;','"^^ if k > and M"^^'^ if 
K < 0, compare El p. 108 ff]. 

The local isometry is essentially given by the Riemannian exponential map, see HOI 
Cor. 2.3.8], and it is uniquely determined by its differential at a point. Applying this to 
the cylinder constructed in Theorem l7.2l vields the local statement in the fundamental the- 
orem for hypersurfaces for semi-Riemannian manifolds. 

Corollary 7.4. Let (M"',g) be a semi-Riemannian manifold of signature (r, s) and let 
K e R. Let A be a field of symmetric endomorphisms of TM satisfying the equations of 
Gauss and Codazzi-Mainardi: 

(vf A)r = (v^^A)x, 

R^'\X,Y)Z = {A{Y),Z)A{X)-{A{X),Z)A{Y) 
+ k{{Y,Z)X~{X, Z) Y) 

for all X,Y,Z e TpM, p e M. 

Then for every point p G M, for every q G M^+^'*, and for every linear isometric embed- 
ding F : TpM — > TgM^^^'^ there exists a neighborhood U of p in M and an isometric 
embedding f : U ^ M]^"*"^'* as a semi-Riemannian hypersurface with Weingarten map A, 
such that f{p) ~ q and df{p) — F. 

Moreover, any two such local embeddings fi and fi must agree in a neighborhood of p if 
h (P) = /2 (p) g and df^ (p) = d/2 (p) : TpM ^ TgM-+^'-. 

Now that this local result is established exactly the same proof as in fS" Ch. VII, Thm. 7.2] 
can be used to show the corresponding global immersion statement in the simply connected 
case. 

Corollary 7.5. Let (Af", g) be a simply connected semi-Riemannian manifold of signature 
(r, s), let K Cz M. and let A be a field of symmetric endomorphisms ofTM satisfying the 
two equations t27l and i28l above. 

Then M can be isometrically immersed as a semi-Riemannian hypersurface into the model 
space M^+^'* with Weingarten map A. Any two such immersions differ by an isometry of 
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8. Generalized Killing spinors 

e now turn our attention to restrictions of spinors to hypersurfaces. Let Af" C 
be a hypersurface of a spin manifold Z admitting a parallel spinor 4'. 
If n + 1 is even, we will assume that lies in E+Z. From the discussion in 
Section|3lwe see that the restriction i/; of ^' to M is actually a spinor on M and 
( I10> reads 

(30) = vF* = V|*V-iA(X).V 

for all X E TM where A is the Weingarten tensor of the submanifold M and "•" denotes 
Clifford multiplication on AI. If t/j is an eigenspinor of the Dirac operator, then A is closely 
related to the energy-momentum tensor of tp. More precisely, using i24\ one computes 

Q4X,Y) = ^(X,A{Y)) (^,^) 

where is constant since is parallel on Z. Spinors satisfying ( I30> will be called 

generalized Killing spinors. They are closely related to the so-called T-Killing spinors 
studied by Friedrich and Kim in ||5l . 

Conversely, given a generalized Killing spinor ?/> on a manifold Af" with \7\'^ tl!—^A[X)u 
ijj, it is natural to ask whether the tensor A can be realized as the Weingarten tensor of some 
isometric embedding of A/ in a manifold carrying parallel spinors. Morel studied this 
problem in the case where the tensor A is parallel, see (T). 

The next result provides an affirmative answer to the above question, for the case where the 
energy-momentum tensor of ^ is a Codazzi tensor. 

Theorem 8.1. Let (M"',g) be a semi-Riemannian spin manifold and let A be a field of 
symmetric endomorphisms of TM satisfying equation {251 on M. Let tp be a spinor on 
(Af", g) satisfying for all X G TM 

(31) V|^^ = . V. 

Then the generalized cylinder Z ~ I x M with the metric dt^ + gt, where gt (X, Y) = 
f/((id — tAYX., Y), and with the spin structure inducing the given one on {0} x M by 
restriction has a parallel spinor, whose restriction to the leaf {0} x M is just ip. 

Proof. The spinor ip defines a spinor 'i' on 2^ by parallel transport along the geodesies 
M X {x}. More precisely, we define ^'(o,^) ■— i'x via the identification EjjAf ^ E(-o.a;)Z 
(resp. Ei .Z for n odd) and '^(t,x) — To'^(q,x)- By construction we have 




(32) Vp* = and vFvf-l^oj^^^O 

for all X e TM. 

The explicit form of the metrics gt yields (^R^ {X, v)v., y) = on Z for all X and Y tan- 
gent to M as in the proof of Theorem l7.2l Since the Codazzi equation (125 > holds Lemma fTjl 
(i) yields {R^ (v, X)Y, Z) = on all of Z. Hence R^ {v, X) = for all X e TM. 

Let X be a fixed arbitrary vector field on M, identified as usual with the vector field (0, X) 
on Z. Using (|33 we get = \R'^{v, X) • * = V^^ V^-^*, thus showing that the spinor 
field V^^Vl/ is parallel along the geodesies M x {x}. Now (I32> shows that this spinor 
vanishes for i = 0, hence it is zero everywhere on Z. Since X was arbitrary, this shows 
that \1/ is parallel on Z. □ 
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This theorem generalizes the result from (Tj where the case ^ A • id is treated, A e M, 
and it is shown that the cone over a manifold with Killing spinors admits parallel spinors, 
as well as a more recent result by Morel 1 7 1 for the case when A is parallel. Nevertheless, 
the question whether a manifold with a spinor satisfying i3l\ can be isometrically embed- 
ded in a manifold with parallel spinors such that A becomes the Weingarten tensor of the 
embedding without assuming that yl is a Codazzi tensor is left open in the present article. 



9. The space of Lorentzian metrics 

n the final section we address the problem of connecting any two semi- 
Riemannian metrics of signature (r, s) on some manifold M of dimension 
n = r + s, by a curve gt of semi-Riemannian metrics of the same signature 
in a unique and universal manner The latter requirement reduces this problem 
to the purely algebraic issue of finding a universal way of relating any two inner products 
of signature {r, s) on some real vector space E = R" in the manifold Mr,s of all inner 
products of signature (r, s) on E. 

In the positive or negative definite case an obvious candidate is the linear interpolation 
gt = tgi + (1 — t)gQ which, however, cannot be used for other signatures. An alternative 
solution, which has been considered in the definite case, see e.g. 1 3 1, but holds in a formally 
identical way for all signatures, relies on the geometry of Air,s, as a (semi-Riemannian) 
symmetric space that we now recall briefly. 

For any signature (?', s) the identity component of the general linear group GL^(£') = 
GL~''(n, K) acts transitively on A4r,s by 

(7 • 9){u, v) = g{i~^u, 7~^u) 

for 7 e GL^(_E), g e Mr,s, and u,v e E. For any chosen g^ in Mr,s, the isotropy 
group of go in GL^(i?) is the special orthogonal group S0((7o) relative to go- Recall 
that, except in the definite case where S0((7o) is connected, SO(.go) has two connected 
components. We thus get the identification A^r,s — GL^(£')/SO(.go) or, equivalently, 
Mr,s = R+ X SL(i;)/SO(go), where IR+ acts by homotheties, and S\.{E) = SL(n,R) 
denotes the special linear group of elements of determinant 1 in GL^(£'). Hence A^" ^ 
SL(i?)/SO(,go) can be regarded as the space of inner products on E of signature (r, s) and 
with a fixed volume element. Concerning the problem addressed in this section, it is clearly 
sufficient to restrict our attention to ^. 

The homogeneous geometry of ^ = SL(£')/S0((7o) can be described as follows. For 
simplicity, write G := SL(_E), H :— SO(.go), let q be the Lie algebra of G, identified 
with the Lie algebra of trace-free endomorphisms of E, and let f) be the Lie algebra of 
H, identified with the Lie algebra of (70-skewsymmetric endomorphisms. Denote by m 
the orthogonal complement of f) in g with respect to the Killing form of g, so that g = 
() © m. Recall that the Killing form of g equals the bilinear form a, 5 1-^ tr(a6), up to a 
positive universal constant, so that m is the space of go-symmetric elements of g. Since 
the Killing form is G-invariant, m is stable under the adjoint action of H, making ^ a 
reductive homogeneous space. Moreover, we clearly have the Lie bracket relations [f), f)] C 
f), [f),m] C m, and [m,m] C \) showing that A^JJ^ is actually a symmetric homogeneous 
space. 

In the positive definite case, A^^ q is a Riemannian symmetric space of noncompact type, 
hence a Hadamard space. It follows that any two points of q can be joined by a unique 
geodesic. If g and go are any two points of Ain.Oi then g — gvi{A-, •), for a uniquely 
defined automorphism A of E, where A is symmetric and positive definite for both 50 and 
g. Then A = exp(a) for a uniquely defined symmetric endomorphism a of E and the 
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unique geodesic connecting go to g is the curve gt := S'o(exp(ta)-, •) = go{A*-, •), for 
t e [0, 1] where exp : q —^ G denotes the exponential mapping. 

In the general case, the restriction of the Killing form to m is an iJ-invariant inner prod- 
uct of signature ^!l!±i) _)_ ^(^+^) _ j.g^^ making g a semi-Riemannian symmetric 
space of this signature. 

The fact that A^J! ^ is symmetric, as a semi-Riemannian homogeneous space, implies that 
the Levi-Civita connection of the semi-Riemannian metric coincides with the canonical 
homogeneous connection. In particular, all (semi-Riemannian) geodesies emanating from 
go are of the form 

exp(tX) • go 

for X e tn = Tg„Mr,s- 

As a homogeneous semi-Riemannian manifold Al" ^ is certainly geodesically complete in 
the sense that geodesies are defined on all of M, but for (r, s) ^ (n, 0), (0, n), it is not 
longer true that any two points can be joined by a geodesic and, if so, there is no guarantee 
that the geodesic be unique. This will be illustrated firstly in the case that (r, s) = (1,1), 
then in the general Lorentzian case when (r, s) = (n — 1,1). 



9.1. The space of Lorentzian inner products in dimension 2. Let E denote an oriented 
real vector space of dimension 2. We fix a positive generator uj of the real fine K^E*, which 
can be viewed as a symplectic form on E. Now G = SL(2, R), q = sl{2, M) is the Lie al- 
gebra of trace-free endomorphisms of E, and A4l i is the space of all Lorentzian inner 
products on E, whose volume form with respect to the given orientation is co. For any cho- 
sen point go e TW? ^ we then have TW? ^ = SL(2,R)/S0(1, 1). Note that S0(1, 1) has 
two cormected components. The cormected component of the identity SOo(l, 1) is isomor- 
phic the the additive group M. of real numbers via the isomorphism 1 1—^ (^^^^ cosh f 

The other connected component equals — SOo (1, 1). Differentiation with respect to t shows 
that the corresponding isotropy Lie algebra () is the Lie algebra of 2 x 2-matrices of the 

form ^ J , for 6 e M. 

An endomorphism a of is tracefree if and only if it is "antisymmetric" with respect to u), 
i. e. if and only if it satisfies: oj{a-, ■) + uj{-, a.-) = 0. 

For any g G A^i^i there is one and only one automorphism Ig of E such that 
(33) g=u;{;Ig-). 

Since g is symmetric Ig is trace-free. Its determinant equals —1 because g is Lorentzian, 
with volume form equal to w. In particular, Ig = 1. The light cone of g is the union of 
the two eigenspaces of Ig, for the eigenvalues ±1. The latter are generated by t; ± IgV 
respectively, for any nonzero v G E. 

Conversely, for any automorphism / of i? of trace equal to and of determinant equal to 
— 1, the bilinear form g defined by g = w(-, /•) is a Lorentzian inner product, with volume 
form equal to ui and I = Ig. 

The automorphism Ig belongs to the Lie algebra q, on which G acts by the adjoint repre- 
sentation, and the map g i-^ Ig is G-equivariant. Indeed, by definition of G, we have that 

'^(7') 7') = "^('j ■) for sach 7 € G, so that 

7 • .9 = .9(7"^-,7"^-) = ^'(7"^-,-^ff7"^-) = ^i' ,1 Igl^^ ■)■ 

The map g Ig is then a G-equivariant identification of At? i with the adjoint orbit of all 
elements of q of determinant equal to —1. 
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As a function defined on g = M'^, the opposite of the determinant is a nondegenerate qua- 
dratic form of signature (2, 1), equal to the (suitably normalized) Killing form. We denote 
the symmetric bilinear form corresponding to — det by (•, •), i. e. {u, u) = — det(u) — 
^ tr(M^). The adjoint orbit is then the pseudosphere M.{ of elements u such that {u, u) — 1 
in the 3-dimensional Minkowski space (g, (•, •)). The restriction of (•, •) to MJ'^ makes the 
latter a G-homogeneous Lorentzian manifold, known as the 2-dimensional de Sitter uni- 
verse. 

The map Al" i ^ M.\'^, g t-^ Ig, is a G-equivariant isometry. 

Reflection with respect to (•, •) about a vector subspace is an isometry of (g, (•, •)) and it 
preserves M.{ . Since the fixed point set of an isometry is a totally geodesic submanifold 
the geodesies of Mi['^ are precisely the intersections of M}'^ with 2-dimensional vector 
subspaces E C g. There are three types of geodesies: timelike geodesies (hyperbolas) cor- 
responding to Minkowski planes, spacelike geodesies (ellipses) corresponding to spacelike 
planes, and null geodesies (straight lines) corresponding to degenerate planes (tangent to 
the light cone). 




Fig. 1 

Now let /, /' be two different points in MJ'^. If I' = —I, then each plane E containing / 
also contains /'. In the timelike or in the null case I' lies on the other connected component 
of i? n M.I . Thus all spacelike geodesies emanating from / hit /' = — /, but the timelike 
and null geodesies emanating from / miss /' = — /. 

If /' ^ —I, then / and /' are linearly independent, so the plane E containing / and /' is 
uniquely determined. Thus /' is hit by the geodesic emanating from / if and only if it does 
not lie on the "wrong" connected component of E r\ mJ'^ (in the timelike or null case). In 
other words, the points on MJ'^ which cannot be reached by a geodesic emanating from / 
are precisely the ones lying on timelike or null geodesies emanating from — /. 




Fig. 2 
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The two null geodesies emanating from —7 are cut out of M^' by the affine plane 
{(/, /') = -1}. Thus the points /' e M\'^ with (7, !')<-! cannot be attained by a 
geodesic from /. 

Similarly, by looking at the affine plane {{!,!') = +1} we see that the points /' with 
{I, I') > 1 are the ones that lie on timeUke geodesies emanating from I, the ones with 
(7, 7') = 1 are the ones that lie on null geodesies emanating from 7, and the ones with 

— 1 < {1,1') < 1 lie on spacelike geodesies emanating from 7. 

We now retranslate this information back to Mi i- If g, g' G i, then 

9' = 9{A;-), 

with 

A = 1^' I,, =1,1,,. 

We then have 

Note that A is g- and ^'-symmetric and of determinant equal to +1. 

By choosing g as a base-point, we conclude that Ml i can also be identified with the space 
of all ^-symmetric automorphisms of determinant 1 of E. We summarize: 

Proposition 9.1. The space A^? i of Lorentzian inner products on a 2-dimensional real 
vector space that have a fixed volume element carries a natural Lorentzian metric making it 

SL(2, M.)-equivariantly isometric to the 2-dimensional de Sitter universe. For g, g' G A4i ^ 
there is a unique endomorphism A such that g' = g{A-, ■). Moreover, the following holds: 

• If tT:{A) > 2, then there is a unique geodesic in M.\ i joining g and g'. This 
geodesic is timelike. 

• If tv{A) = 2, then there is a unique geodesic in Ad^ i joining g and g'. This 
geodesic is null. 

• If—2< tr(A) < 2, then there is a unique geodesic in A4i i joining g and g' . This 
geodesic is spacelike. 

• IfXiY^A) < —2, then there is no geodesic in Jv[\ ^ joining g and g' . 

• IftT:{A) = —2 and g ^ —g', then there is no geodesic in Jv[\ ^ joining g and <?'. 

• Iftv{A) = —2 and g = —g', then all spacelike geodesies in Aii i emanating from 
g pass through g' while the timelike and null geodesies in M.^ i emanating from g 
miss g' . 

This proposition shows that given two Lorentzian metrics on a 2-dimensional manifold we 
can construct a canonical 1-parameter family of Lorentzian metrics joining them only if 
the endomorphism field A relating the two metrics satisfies tr(^) > —2. A restriction like 
this does not come as a surprise because there are pairs of Lorentzian metrics e. g. on the 
2-torus which cannot even be joined by any continuous curve of Lorentzian metrics. 

9.2. The space of Lorentzian inner products in higher dimensions. We now consider 
the manifold Mn-i,i = R'*' x M^_i ^ of all Lorentzian inner products of signature (n — 
1, 1) on some n-dimensional real vector space E. 

As observed before the manifold A1°_i i is a symmetric semi-Riemannian space of sig- 
nature ^ ^ ji _ ij and the geodesies emanating from any chosen base-point go are 

of the form exp{tX) ■ go, where X belongs to the space m of trace-free gg-symmetric 
endomorphisms of E, m being naturally identified with the tangent space Tg^M^-i^i- 

The goal of this section is to determine the set of elements g e M.n-i,i which can be 
joined from go by a geodesic in Mn-i,i, and whether or not this geodesic is unique. This 
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has just been done in detail in the case that n = 2 and, as we shall see, the general case can 
essentially be reduced to the 2-dimensional case. More precisely, we have 

Proposition 9.2. Let go and g be two distinct points in A^n-i.i. Then there is the following 
alternative: Either 

(i) E splits as 

E — Ei^i ® En-2,0, 

where the sum is orthogonal, Eii is of signature (1, 1), -E„_2,o of signature {n — 2, 0) 
for go and g. Both go and g belong to the corresponding totally geodesic submanifold 
Mi.i X Mn-2,0 C M„_ii. Thus the issue of the existence and uniqueness of geodesies 
connecting go to g is reduced to the same issue for the 2-dimensional Lorentzian metrics 
go\Ei 1 '^wt/ g\Ei 1 in Aii.i as described in ProDosition \9.1\ or 

(ii) E splits as 

E — -E24 ffl En-3fi, 

where the sum is orthogonal, i?2.i is of signature (2, 1), E„-3^o is of signature (n — 3, 0) 
for go and g. Both go <^nd g belong to the corresponding totally geodesic submanifold 
A^2,i X C A^n-i.i- The 3-dimensional Lorentzian metrics go\E2i '^"'^ .9|-E2 1 

are related by g\E2 1 — 9o\E2 li-^'y ')> where B is an automorphism of E2.1 of the fonn 
k{id + x), where k is a positive real number and x is an endomorphism o/£^2,i satisfying 
x^ = but x'^ 7^ 0. Thus go and g are connected by a unique geodesic whose E2,i-part is 
of the form 

9t\E2,i = .90|_B2_i(Sf, 

with Bt = fc* exp(i(x - ia;2)) = fc* (^1 + tx + ^^^x^^. 
The rest of the paper is devoted to the proof of Proposition l9.2l 

Recall that for any g and go in there exists a uniquely defined automorphism A 

ofE — with detA > — such that g = goiA-, •): A = (7"^)*7"\ for any 7 e GL(£;) 
such that 5 = 7 • go and A is symmetric relative to both g and go- Then 50 can be joined 
with g by a geodesic in Ain-1,1 if and only if A is of the form A = exp(a), for some 
go-symmetric endomorphism a of E, and the corresponding geodesic is then the curve 
gt ■■= go{exp{ta)-,-)fort e [0,1]. 

The proof of Proposition 19.21 requires the spectral analysis of A. For this purpose it is 
convenient to introduce a positive definite Euclidean inner product (•, •) on E such that 
go = (/•, •) where / is of the form 

(34) I ^ id - 2{u, ■)u, 

for some element u E E such that |up = 1. Here, and henceforth, | • | denotes the norm 
with respect to (•, •). For go the vector u is timelike with go{u, u) — —1. Conversely, any 
such u determines a Euclidean inner product as above. 

Then g = go{A-, •) can be written as g — {S-, •) for a uniquely defined (•, •)-symmetric 
automorphism S of E with exactly n — 1 positive and 1 negative eigenvalues. 

Conversely, for any such automorphism S, the inner product g = {S-, •) belongs to Ain-1,1 
with 

A = r^s = IS. 

The spectral decomposition of S reads 

e 

5 = Aono + 0Ajn„ 
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with Ao < < Ai < . . . A^, where 11 j denotes the (•, •) -orthogonal projection onto the 
-dimensional eigenspace Ej of S corresponding to the eigenvalue Xj, j = 0, 1, . . . , ^. 
Note that do = 1. 

Via the decomposition E = E^® ©^=1 the unit vector u appearing in ( I34> splits as 

U — Uq + Ul + . . . + Ul. 

We denote by A the subset of j E {0, !,...,£} such that Uj ^ 0, and by m the cardinality 
of A. For each j G A such that dj > 1 we denote by Ej the (•, •)-orthogonal complement 
of Uj in Ej . Let E be the subspace of E defined by 

(35) E:= ^,©0i?„ 

and W the m-dimensional subspace of E defined by 

(36) T/F = 0Rmj 

SO that 

E = E®W. 

Both E and W are left invariant by A, I, and S. The sum is orthogonal with respect to 
{■,■), go, and g. 

Note that if ^ A, i. e. if uo = 0, then E is of signature (n — m — 1, 1) and W is of 
signature (m, 0), whereas, if G A, i. e. if uo ^ 0, W is of signature (m — 1, 1) and E 
is of signature {n — m, 0) for g (but W is always of signature (m — 1, 1) for go, as E is 
orthogonal to u). 

Since E is orthogonal to u, I^jj, — id and A^j^ — In particular, is symmetric for 
go, g and (•, •) and its spectral decomposition coincides with the one of given by i35\ . 
with eigenvalues Xj for each j ^ A and each j G A with dj > 1. 

The spectral study of A is then reduced to the spectral study of A^^y and the latter is 
summarized by the following lemma. 

Lemma 9.3. (i) The characteristic polynomial P of A^yy defined by P{t) ~ det(t id — 
is given by 

(37) P(t) = [](t-A,) + 2;^A,>,f [| it-Xk). 

ieA ieA fc6A\{i} 

In particular, the roots of P are all distinct from the Xj, j G A. 

(ii) For each real root IJ- of P the corresponding eigenspace is the one-dimensional vector 
space generated by the element Vfj, E W defined by 

ieA ^ ■' 

Moreover, 

(39) = M5oK,Wp) = ---^^ 

where Q denotes the polynomial defined by Q{t) — YijeAi^ ^ ^j)- particular, is a 
null-vector — for both g and go — if and only if fi is a multiple root of P. 

Proof. By definition, any v G is of the form v = X]jeAyj%' ^^^^ numbers 
2/1,..., y,„, so that 

Av = ISv = ''^^{XjUj — 2{Su,v)) Uj. 
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Note that v is an eigenvector of for some eigenvalue /i if and only if 

(40) {ii~\,)yj^~2{Su,v), 

for each j G A. It is easily checked that {Su, v) cannot be equal to if w ^ 0. Indeed, 
suppose for a contradiction that v satisfies (I40> with {Su^ v) = Q and v ^ Q. Since w 7^ 0, 
one of the yj, say yi, is nonzero, so that /i = Ai. This implies /i ^ Xj, for j ^ 1, as 
the Xj are pairwise distinct. It follows that yj = for all j ^ 1, so that v = y\U\. Then 
[Su, v) = Ai?/i|uip 7^ as j/i 7^ 0, a contradiction. 

In particular, this shows /i ^ Xj for each j G A so that we can write 

(41) „ = _2(5u,«) V^^. 

Moreover, by computing {Su, v) — {Sv, u) from (l4ll . we get 

(42) ^A>£^_i. 

It follows that each eigenvalue of A^y^r is a root of the polynomial P defined by ( 137^ Since 
P is monic and of degree m, it must coincide with the characteristic polynomial of Ai^y. 
We readily see from ( I37t that the roots of P are distinct from the Xj (recall that the latter 
are pairwise distinct). From ( 14 U we immediately see that the eigenspace corresponding to 
/i is generated by the vector defined by J38t . 

Conversely, for each root /i of P the vector defined by ( I38> is certainly an eigenvector 
of for the eigenvalue /i. 

Since the roots of P are distinct from the A^, P can also be expressed by 



where we put Q{t) :— YijeAi^ ^ ^j)- Differentiating (I43> at t = /x, we get ( 13 9> . It follows 
that is a null vector if and only if P'{n) = 0, meaning that /i is a multiple root. □ 

For further use, we need more information about the sign of the characteristic polynomial 
P at i = Aj, j e A, and at t = 0. In the sequel, we use the notation P(io) = i^^Y^ 
for some integer r, to mean that P has the sign of (—1)'^ — in particular is not zero — at 

Lemma 9.4. (i) IfO ^ A, we re-label the Xj so that A = {1, . . . , to}, and < Ai < . . . < 
Am- We then have: 

P(-oo) ^ P(Ao) ^ (-1)", 

(44) P(0) = 

P(A,) ^ j-l,...,m. 

In particular, P has then exactly m distinct real roots /.iq < < < . . . < jim-i, with 
fiQ e (Ao, 0) and ^ii G {Xi, Xt+i), for i = 1, . . . , m - 1. 

(ii) IfO e A, we re-label the Xj so that A = {0, 1, . . . , to — 1} and Aq < < Ai < . . . < 
Arn-i-We then have 

P(-(^) ^ P(Ao) ^ P(0) ^ (-1)™, 

(AS') 

P{Xj)^{-ir-^-\ j = l,...,m-l. 

In particular, P has then at least (to — 2) distinct real roots < /ii < . . . < /im-2, with 
IJ-i e {Xi,Xi+i),fori = 1, . . . ,TO - 2. 

Proof. Easy consequence of ( I37> . □ 
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We now consider the two cases when does or does not belong to A. 
Case 7: ^ A. 

According to Lemma l94l (i). A^-^y is diagonahzable (over M) with one negative eigenvalue 
/iQ and m — 1 distinct positive eigenvalues. Moreover, we easily see from ( I39t that the m 
corresponding eigenvectors v^, defined by ( I38> . are all spacelike. On the other hand, Aj^, 
is also diagonahzable with one negative eigenvalue, namely Ao — whose eigenspace is 
Eq — and n — m — 1 positive eigenvalues. Denote by Ei^i the direct sum of Eq and the 
(one-dimensional) eigenspace of /io, and by En-2.Q the orthogonal complement of Ei,i 
for g or go- Then, both g and go are of signature (1,1) on i?i i and positive definite on 
En-2,0- Accordingly, A splits as the sum of two operators A — Ai^i © An-2,Q, where Ai i 
acts trivially on En-2,0 and is diagonahzable, with negative eigenvalues on whereas 
An-2,0 acts trivially on Ei^i and is positive definite, as well as go- and g-symmetric on 
En-2,0- This can be interpreted as follows. Denote by A^i i the space of Lorentzian inner 
products of by Mn-2,0 the space of positive definite inner products of En-2.o- Then 
the product A^i_i x M.n-2.0 is naturally embedded as a totally geodesic submanifold of 
Mn-i,i and both g = g^E^ ^ ® g\E„.2.o go = go\Ei,i ® 9o\e„-2.o belong to it. In 
■Mn-2.0 any two elements, in particular g\E„-2 '^^'^ 9o\e„-2 0' '^^^ joined by a unique 
geodesic. The situation concerning Aii,i has been explored in detail in the first part of 
this section. In the present case, g^Ei 1 and go\Ei 1 are related by the automorphism A^Ei 1 
which is diagonahzable with distinct negative eigenvalues, so that g\Ei 1 and go\Ei 1 cannot 
be linked by a geodesic. 

Case 2: G A. 

According to Lemma|^3(ii), there exist at least to — 2 distinct positive eigenvalues of A\iy, 
namely < /ii < . . . < /im-2- Then, either these eigenvalues are all simple roots of P, or 
one of them — and only one — is a triple root. The case that two of them are double roots 
is impossible since, according to Lemma l93l (ii). the corresponding eigenvectors defined 
by ( I38> would then form an orthogonal pair of nonzero null vectors in the Lorentzian space 
iE,g). 

In the case when all /ij are simple roots, we easily check by using ( I39t that the correspond- 
ing eigenvectors are all spacelike. Denote by En-2,0 the direct sum of the corresponding 
eigenspaces and E, and by Ei^i C W the orthogonal complement of En-2.0 for g or go- 
Then, both g and go are positive definite on En-2.0 and of signature (1, 1) on Ei i. The 
situation is then quite similar to the previous one, except that all cases considered in Sec- 
tionl9Jlfor A^i 1 may now happen, depending on whether the missing two roots of P are 
complex conjugate, both positive (equal or distinct) or both negative (equal or distinct). 

It remains to consider the case that one of the ^j, say Hj := k > 0, is a triple root of 
P. Then, according to Lemma l931 (iii). the corresponding eigenvector v^- is a null vector 
Again, it is easily checked that the w^., for i ^ j, are all spacelike. Denote by En-3.0 the 
direct sum of the eigenspaces corresponding to the ^i, i 7^ j, and and by E2.1 C W 
the orthogonal complement of En-3,0 for g or go. Then, both g and go are positive definite 
on En-3,0 and of signature (2, 1) on i?2,i- It follows that g and go both belong to a same 
totally geodesic subspace A^2.i x -^n-3,0- Moreover, the restriction of A to i?2,i, which 

relates gj^^ ^ and go\E2 1' is of the form k{id + x), where x is nilpotent and regular (this is 

2 

because /ij has no other eigenvector than v^^- ). Now, id+x is the exponential of id + x— 
which is certainly symmetric for both go and g (since x — {\A + x) — id is symmetric) and 
is the only symmetric "logarithm" of id + x. We thus get a unique (null) geodesic between 
.go|_E2 1 ^^'^ 3I-B2.1 in ^2,1, hence also between go and g in Mn,i- 

This completes the proof of Proposition l9.2l □ 
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